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. 19Welcome to 0170 !

Tuesdays and Thursdays at 09:00 - lo : 30

Always the same Zoom link , available on Piazza .

Instructors: Alessandro Chiesa S James Demme,
if you have trouble accessing

Resources : Piazza and webpage ( https://cslzo.org)
any resources please contact your GSI

contact : please use Piazza to contact staff
if you need to use email then use csl7O@berkeley.edu ( rather than personal emails)

Prerequisites are enforced .
Homework policy is no late submissions . You can drop 2 HWs and 7901 . is full credit .
Please read collaboration policy on website .

Please note dates and times of midterms and final

( they are proctored live online and we do not provide alternative options) .

We have an amazing course team this semester and look forward to guide you through this course.
We encourage you to get to know the staff at discussion sections and office hours .

Let's get started !



⑧

This course is (mostly ) about algorithms . ④ you will also learn about intractability
what are algorithms?

An algorithm is a well-defined procedure for carrying out a given task .

Example: a food recipe

°

,

o

.
°

.

What about algorithms in this class ?

arithmetic
, graphs, scheduling , games , hashing . . . .

You will develop the skills to design algorithms that I halt and I are :

① correct lietorn the correct answer on every input )

② efficient ( in time
,
but will also consider space, randomness, ... )



Rest of today : algorithms for integer arithmetic

we focus on two basic operations : addition and multiplication .

That is we are searching for algorithms A-add and Amu, sit .

• t x.y A-add IX.y ) = xty • Ax , y Amol IX.y ) -- Xo Y
and A-add is efficient and Amy is efficient

Q : how are the integer inputs represented ?

Over time people have devised different numeral systems .

Eg . Roman numerals - III =3 , IX -- 9 , XL = 40 , CI = 101
,
. . .

E.g . Arabic numerals - 3
,
9
,
40

,
lol ← positional numeral system
w

1. 102 t O . 10't 1 - 100

More generally the digits an. . . . . a. do represent the number Fino
'

ai.iq!
So n digits can represent any number between o and Ion- I

.

base

E.g . for n=3 we have 001,002
,
. . . , 010,010 , . . . , 998,999 .

We will use this representation throughout today and in this course .



Addition ( x , y H Xt y )

Firstida:
"

count by fingers
"

7- t 5 → 8 t 4 → 9 t 3 → to t 2 → Il t I → L2 to

that is
, add 1 to X

, for y times .

Correctness : V

Efficiency : if x.y are each at most n digits the time is
y . #me to increment) s y . n f Con- 1) on [ a better bound of u 10

"

can be shown]

This is SL00000 OW ! !

Seconding
"

carry method "

t I

275 4 For each digit location i
-

- O
,
I
,
. . . ,
n - l :

O l 2 9
-

sum digits at i plus any earring from location i - l.

288 3

,
some constant

correctness : V Efficiency : n . ( time to sum two digits) -- n . C d Ion

Can we do better than n? No . Every digit of the input
"

makers!

Also , writing the output takes a ops .
The algorithm you studied in school is the best one can do for addition .



Multiplication ( X
, y H X. y )

Firstideai do tx for y times (e.g .

5.3--51-3575 )
correctness : V Efficiency : y . host to add x ) = y . n Elton-

it . n

Seuendideai
"

long multiplication
"

*3,5473 = 2%7 + 3×513 + 3313 = . . .

-

- 502931 .

In general : X.y = X . Iii yield = Iii (x . yi ) . he
"
.

Computing { x.yn . . . x.yn. . . . . . . x.yo} takes n
'

ops , and adding all op (with shifts) also rn
'

ops .

Overall
,
the efficiency of this algorithm is Con?

You should ask : can we do better?

Intuitively it seems that the answer is Me .

Each digit of X needs to " interact
" with each digit sty .

That is m terms that we need to compute .

But . . . the plot thickens .



Interlude

we do not wish to count exact number of elementary operations of an algorithm .

Instead we study growth rates as a function of ninput size n .

The addition algor ith ran in time Tink O Cn ) .
By this we mean :

Z c
,
N tf n z N Tcn ) E c. n .

Similarly the multiplication algorithm ran in time Thi = 044
.

we similarly mean :
F c , N tf n >N Tfn ) E C . n?

Notice that n = OC ny but a better bound is Ocn ) .

More generally : f- In ) = Olgin )) if for large enough n we have Hnk c.girl .

There is other notation that you will practice in discussions S HWs:

oh ( gli ) --
"

at least c.gin )
"

④ (gentle
"

Elgin) a ought)
"



Karatsuba Multiplication

Illustrative example of a powerful technique : divides conquer

X = 3517 y = 0143-w -w

XH XL YH YL

X -- Xu .
10Mt XL Y -- Yu . 10't YL

As multiplication distributes over addition :

X - y = Xµ•Yµ old
"

t ( XH@ktXioYHtl0hktXeoYL.L, multiplications ofw w n

shift T
Ocn ,
T shitty nf- digit integers

The time of running this algorithm is :

Tn ) = 4. TIE ) t C. n Better than n' ?

Worse than n
'?

T ( 17 = 1

T Exactly n2 ?

look up in 10×10 multiplication table



1 . Ch

" " " "
"
""

} "" "m "(/ H Cn . (Itzt . . - +2k )
1-

16 . C - hq = 4.cn for K : = logan .

. - - . . 4
"

. c. ng, = 2inch £
Recall how to sum geometric series : en .2 son . 2109Mt ' = ch . 2h
A = It b t b't . . .

tbk = OC h2)

⇒ BA -- b t b't bit . . . * bktt
This would be even slower than

=D BA - A = b''
t'

- i

=D A = bk ( b# n long multiplication because of
b - I recursion overheads .



We can use a more clever recursion to beat n' :

we do not need to compute XµyL and XLYH . we only need their sum

Karatsuba ( x, y ) : = I . A :-. Karatsuba (XH , Yu )

2
. B : = Karatsubalki , Ya)

3 . C : = KaratSuba IXHTXL , YH.tk )
h . return A. to

"
t IC - A - B) slonkt B

The new recurrence relation is : Tfn ) = 3. Tf Az ) + Ocn )

t.cn

Md/\ z.cz ) Cn . ( It It
'

t - -at
k

) K-- login

a = on . fz¥ ⇐ on 4131109"

$1 9. can = ↳c. slogan =L,c. (21%3)/092
"

= 4C . h 10923 = 0 ( n 10923 ) !

Recall that Cab )
'
-

- Ca' lb
.

And in practice beats n
-

algo when
inputs are a few tens of digits .



On algorithms for integer multiplication logical = # of times to app log, to get 1

'

:
:

log*(21=1,105924--2, log
's (227=3

,
. . .

µ
196,0 Karatsuba O ( n'0923) break into 2 parts S do 3 muts instead of 22=4

1963 Toon . 01h19351 break into 3 parts s do 5 nuts instead of 32=9

mao took Ako.in ''"""
E.pe:7?s;..:YImm.aYiniYet.9.dnaotnokn;I19171 sschinhage Olnlognloglogn)

Strassen

EFF
per ocnugnzo.gg#ny

I
2019 Harvey Ofnlogn)

Vander Hoeven
pm

believed to be optimal


